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Abstract 

If A* is a bounded, constructible complex of sheaves on a complex analytic space X, and / : X — » C 
and g : X — > C are complex analytic functions, then the iterated vanishing cycles </> s [— 1] (</>/[— 1]A*) are 
important for a number of reasons. We give a formula for the stalk cohomology H*{4> g [— l]4>f[— 1]A*) X 
in terms of relative polar curves, algebra, and the normal Morse data and micro-support of A*. 

1 Introduction 

Bounded, constructible complexes of Z-modules naturally arise in the study of the topology and geometry 
of singular spaces and functions on those spaces, even if one is interested solely in cohomology with Z 
coefficients. 

Why is this true? Suppose X is a complex analytic space, and Y is a closed analytic subspace of X. Let 
j : Y X and i : X — Y c — » X denote the inclusions. Then, the hypercohomology modules W°(X; Z x ), 
U k (X;i*i*Z x ), U k (X;jJ*Z x ), M k (X;i,rZ x ), and U k (X; j]fZ m x ) are isomorphic to the following ordinary 
integral cohomology modules: H k (X;Z), H k (X - Y;Z), H k (Y,Z), H k (X,Y;Z), and H k (X : X - Y;Z), 
respectively. In addition, if / : X — > C is a complex analytic function, then the complexes of nearby cycles, 
ipfZ x , and vanishing cycles, cj)fZ x , are important for, at each x £ V(f) := / _1 (0), the stalk cohomologies 
are, respectively, the integral cohomology and reduced integral cohomology of the Milnor fiber Ff tX of / at 
x. The language and results of the derived category allow us to treat all of these cohomology modules in a 
unified, elegant fashion. As general references, we recommend [11], [7], [24], and Appendix B of [20] . 

Characteristic cycles are fairly coarse data that one can associate to a complex of sheaves. Intuitively, 
they tell one the directions in which the Euler characteristic of the cohomology changes, and what that 
change is. If one wishes to retain more data from the complex, then, instead of considering the change in 
Euler characteristic, one can consider the cohomological Morse modules in each degree (see below). One 
should think of the Morse modules as telling one "cohomological attaching data" associated to how larger- 
dimensional strata are attached to lower-dimensional strata, with coefficients in the given complex of sheaves. 
The characteristic cycle is topologically important for it is related to the local Euler obstruction (see [1]), 
the absolute polar varieties and local Morse inequalities (see Theorem 7.5 and Corollary 5.5 of [17 ), and 
index formulas for the vanishing cycles (see [5], [53], [TS], and below). In addition, the characteristic cycle 
of the intersection cohomology complex is of great importance in representation theory (see |12j and [5])- 

The Morse modules, or coefficients of the characteristic cycle, of a complex A* can be described in terms 
of vanishing cycles A* along functions with complex non-degenerate critical points. This means that the 
Morse modules, or coefficients of the characteristic cycle, of the complex of vanishing cycles <pfA* contain 
iterated vanishing cycle data of the form <f) g <j)fA.', where g is generic in some sense. Even for generic linear 
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<?, a formula for the Euler characteristic of the stalk cohomology is not well-known - though it has appeared, 
in a slightly different form, in Corollary 4.6 of [TB] (the last formula in the statement), and follows quickly 
from Theorems 3.3 and 5.5 of [8] and Theorem 3.4.2 of [3]. 

The formula that we derive for generic linear g (see Theorem 13. ip led us to ask: what happens if g is not 
so generic? The answer to this question is the result, Theorem 13. 11 of this short paper. 

We will now present some technical background material, and state our result in a precise fashion. 

Let U be an open neighborhood of the origin in C™ +1 , and let / : (U, 0) — > (C, 0) be a complex analytic 
function. Suppose that X is a complex analytic subspace of U, and, for convenience, assume that G X. 
Let / denote the restrictions of / to X. We write V(f) for / _1 (0). 

Let 6 be a complex analytic Whitney stratification of X with connected strata. For S G 6, we let Ns 
and Ls denote, respectively, the normal slice and complex link of the stratum S; see [9]. We let ds '■— dimS. 
Let R be a regular, Noetherian ring with finite Krull dimension (e.g., Z, Q, or C). Let A* be a bounded 
complex of sheaves of R- modules on X, whose cohomology is constructible with respect to 6. 

For each S G & and k G Z, define the degree k Morse module of S with respect to A' to be the 
hypercohomology m|(A*) := M k ~ ds (f%, L s ; A*). We say that a stratum S G & is A' -visible if m* s (A') ^ 0, 
and we let ©(A*) denote the set of A*-visible strata and let So (A*) denote the strata in 6 (A*) which contain 
in their closures. It is a theorem, Theorem 4.13 of [JS], that the micro support, SS(A'), of A* (see [TT]) is 
equal to Usee(A«)^P- 

If R is an integral domain, define 

c s (A-):=^(-l) fe rankK(A-)), 
and define the characteristic cycle of A*, CC(A'), to be the analytic cycle in the cotangent space T*U given 

by _ 

CC(A') := ]Tc5(A')[7p], 

see 

where TgU is the conormal space to S in U. (The reader should be aware that there are two or three different 
definitions of the characteristic cycle, differing by sign; see, for instance, [TT] and [23]. Previously, we have 
used a different convention, but also different notation for the characteristic cycle. The change in notation 
should help eliminate confusion for readers of our past work.) Throughout this paper, whenever we make a 
statement involving the characteristic cycle, we are assuming that R is an integral domain, even though it 
will not be explicitly mentioned. 

The underlying set, |CC(A*)|, is the characteristic variety of A*. The characteristic cycle of X is defined 
to be the characteristic cycle of 7L* X . 

By taking a normal slice to a stratum, the calculation of the coefficient of TgU in CC(A') is reduced to 
the calculation of the coefficient of the closure of the conormal space to a point-stratum. We use the origin 
as a convenient point and point out that, by definition, co(A"), the coefficient of TqU in CC(A*) is given in 
terms of the Euler characteristic of the stalk cohomology of the vanishing cycles by co(A') = x(^i[— l]A*)o, 
where I is a generic linear form. 

Let im df denote the image of df, and let us recall the aforementioned index formulas for (f>f[— 1] A', 
conjectured by Deligne, and proved independently by Ginsburg, Sabbah, and Le: 
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Theorem 1.1. ([8], |23j . |15j ) Suppose that is an isolated point in the support of <pf[— 1]A*. 

Then, (0,dof) is an isolated point in the intersection |CC(A*)| n imdf, and the Euler characteristic of 
the stalk cohomology of the vanishing cycles of f is related to the intersection multiplicity o/CC(A*) and 
image of df by 

xfa/[-l]A') = (cC(A')-imd/) = V c s ( A' ) (TJX ■ imdf) 



Now, suppose that one wants the stalk cohomology modules of (f>f[— 1]A # , not merely the Euler charac- 
teristic. Then, one must begin with analogous data for A*; that is, one needs not simply CC(A*), but rather 
the closures of conormals spaces to strata together with the Morse modules of the strata with coefficients in 
AV 

The refinement of Theorem I f . f I that we proved in Theorem 5.3 of [19] was: 

Theorem 1.2 The origin is an isolated point in the support of<pf[— 1]A* if and only i/(0,do/) is an 

isolated point in the intersection SS(A*) l~l imdf, and when these equivalent conditions hold, for all k, 

ff fc (^[-l]A-) = (m k s (A')® R R Ss ), 
see (A») 

where 5$ := [T*X • im df) 

V s /(o,d /) 

As we showed in Theorem 3.2 of [18], the intersection number 6 s of Theorem 11.21 can be calculated in 
terms of the relative polar curve (see [10], [25], [13], [14], and Section[2]), t (S) := T\ [5 where [ is a generic 
linear form, and /i g is not constant. The formula that one obtains for a stratum S of dimension at least 1 is 

6 S = (r} )t (5) • V(f)) - (T^S) ■ V(i)) . 

In the case above, where (0,d /) is an isolated point in the intersection SS(A') n imdf, it is immediate 
that, if S £ 6o(A*) and ds > 1, then /| s is not constant. However, in the case below, it will be useful to let 
6 / (A*) denote the set of strata in 6(A*) on which / is not constant and let Sq(A') := S / (A*) n S (A*), 
i.e., the set of A*-visible strata whose closures contain but which are not contained in V(f). 

How can one generalize Theorem 11.11 and Theorem 11.21 to the case where the support of (/>/[— 1]A" is of 
arbitrary dimension? Suppose that [ is a generic linear form (we shall not distinguish notationally between I 
and t| v(/) )■ If is an isolated point in the support of <j>f[— 1]A*, then it is trivial that there is an isomorphism 
of stalk cohomologies H k (<j> { [-l]<j> } [-l]A*) ^ H k (<p f [-1]A') . 

Thus, for generic linear [, Theorem 11.11 and Theorem 11.21 can be viewed as statements about 
x(</>[[— l]0/[-l]A*) o = Co(0/[— 1]A*) and ff fc (0[[-l]0/[— 1]A') , where 6s is now defined to be the value 
of (r}i(S) • V(f)) - (r} (l (5) • V(l)) provided that S £ & f ( A ')- with these interpretations, do we obtain 
a generalization of Theorem 11.11 and Theorem 11.21 .'' The answer is: yes. 

We prove as part of Theorem 13. II in this paper: 

Theorem: generic linear case. Let I be a generic linear form and, for all S £ &q(A'), let 6s be the value 

of (r} fI (s) • Hf))o - • v(i)) . 
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Then, 

c b (^[-l]A') = c b (A')+ ]T § s-cs(A'). 

see f (A') 

In fact, for all k G Z, 

iJ fc (0r[-l]^/hl]A-)o = mf o} (A-) © (m k s (A') (g> R 5s ) . 

see f (A-) 

As we discuss in Remark 13. 3[ the result above allows us to quickly obtain Theorem 1 of [2]. 

Seeing that the generic linear form case of our theorem provides a formula for the stalk cohomology of 
the iterated vanishing cycles <pi[— 1]A* in terms of Morse modules and intersection multiplicities with 
relative polar curves, one is naturally led to ask: is there a more general formula where all occurrences of I 
are replaced by a more general function g? The answer is: yes. 

Suppose that we give ourselves a second complex analytic function g : (U,0) — > (C, 0), and let g denote 
the restriction of g to X. For each stratum S G 6-^ (A*), we define in Section^ following our work in 22J, 
a relative polar set \Tf §(S)\ and, if this set is 1-dimcnsional, we define a corresponding relative polar curve 
(as a cycle) T 1 ^ g(S); this relative polar curve agrees with the traditional one in the case where g is a generic 
linear form. 

We also define T\ ~(S) to be the sum of the components of the cycle T\ ~(S) which contain the origin, 
but which are not contained in V(g). We define |r^g(A')| := Usee^(A') ^/.gOS)]- Fot all S G 6(A'), we 
define 

Sf,s(S) ■= E {( C ■ V (f))o - min { ( c ■ V (f)) , (C ■ V(g)) }). 

C comp. of f \ S (S) 

In the case where g is a generic linear form, 5f t g(S) will agree with 5s from generic linear form case of our 
theorem. 

Our general result is Theorem 13. II 

Theorem. Suppose that dim V(f) n |r /;§ (A*)| < 0. 

Then, for generic [a : A] G P 1 , for all k G Z, 

H fc (^[-l]^[-l]A')o^ff fc (^ /+ A ff [-l]A')o © (m k s (A')®R'f^). 

If g is a generic linear form I, then H k ((f> (T f+xg[—l]A') = H k (4n [-1]A') = m k Q y(A*) and Sf t9 (S) is 
equal to 5s] thus, the general theorem reduces to the generic linear form case. 

Pencils of Milnor fibrations of the form of + Xg have been studied in detail by Caubel in [5] and [B]. 
Caubel's main technique, the "tilting in the Cerf diagram" , first used by Le and Perron in [TB], is the essential 
idea in our proof of the theorem of this paper. 
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2 The General Relative Polar Curve 



We continue with all of the notation from Section [TJ Our treatment of the relative polar here follows [22], 
except that we avoid discussing enriched cycles. 

Suppose that M is a complex submanifold of U. Recall: 
Definition 2.1. The relative conormal space T~ U is given by 

*\m 

T} U := {{x, rj) G T*U | r){T x M n ker dj) = 0}. 
If M C X, then T~ U depends on f, but not on the particular extension f. In this case, we write Tf IA 

J\m J| « 

in place ofT- U. 

flu 

Let 7r : T*U — > U denote the projection. 

We are going to define a relative polar set ^/^(S 1 )! and a relative polar cycle T\-(S), as we did in 
|22j . If g is a generic linear form, and /| s is not constant, it is easy to show that our ^,§(5} is purely 
1-dimensional and that is reduced, and agrees with all of the definitions/characterizations of the 

relative polar curve used in fTU], [2S], [T3], [2] by Hamm, Le, and Teissier. The point of Definition 12.21 is 
that it seems to be the "correct" definition of the relative polar curve even when g is not so generic. Note 
that, in the traditional case where g is a non-zero linear form, d x g is a "constant" non-zero covector. 

Definition 2.2. If S G 6 and f\ g is not constant, we define the relative polar set, ^§(5)^ to be 
7r [Tf^ U n ivadg^j. The relative polar set, ^/^(A*)], is defined by 

|I7, 5 (A-)| := (J \Y }> ~ g {S)\. 
seef(A') 



If C is a (reduced) 1-dimensional component of \Tf_g(S)\, then Tj? U andhndg intersect properly along 
a unique 1-dimensional component C :— dg{C) = {{x,d x g) \ x G C} such that 7r(C") = C. Thus, the 
intersection number pc(S) := ^ Tjf U ■ [im<ig]J is well-defined. 

In particular, if \Y f t g(S)\ is purely 1-dimensional, then we may, and do, define the relative polar curve, 
T\~(S), to be the properly pushed-forward cycle 



T* t U 



[imdg]) =^2pc(S)[C], 



c 



where the sum is over all of the components of \Tf t g{S)\. 

If r^g(A") is purely 1-dimensional (respectively, is 1-dimensional at the origin), then we define the 
relative polar curve, as a cycle (respectively, as a cycle germ at the origin) to be 

seef(A>) 
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Remark 2.3. It is trivial to show that (L/^S 1 )] has no zero-dimensional components. Thus, using the 
convention that the empty set has dimension — oo, the condition that dim |Fjg(A*)| < 1 is equivalent to 
^/^(A*)! being purely one-dimensional at 0. 

It will also be important to us later what happens in the case of a 1-dimensional stratum S along which 
/ is not constant. It is trivial to see that, in this case, the cycle ri ~(S) is reduced and simply equals [S]. 

Definition 2.4. 7/dim V(f) n |r /i5 (A*)| < and dim V(g) n |r /ig (A*)| < 0, then, for all S € & f (A*), 

we define Sf ; g(S) to be the difference of intersection numbers (T^ JS) ■ V(f)) Q — (T^ g(S) ■ V(g)) Q . 

Remark 2.5. Note that the two dimension hypotheses of Definition 12.41 are satisfied when g is a generic 
linear form (see [22], Proposition 3.13). Also, by the work of Hamm, Le, and Teissier, if [ is a generic 
linear form, then j(S') is reduced and (Fy ( (S) ■ V(Vj) Q is the multiplicity of T\ ^S) at the origin; thus, 
5t jj{S) > 0, when g is a generic linear form. 

3 The Vanishing Vanishing Theorem 

We continue using all of the notation from the previous two sections. 

Suppose that dim |L/,g(A')| < 1. If S G Sq(A'), we let ^/^(S 1 )] denote the union of the components 
of |r/ j g(5')| which contain the origin, but are not contained in V(g); let T 1 ^ ~(S) denote the corresponding 
cycle. Let |r^g(A*)| := Ugge^A*) l^/.§(^)r Note that Lemma 3.10 of [22] implies that no component of 
^/^(A*)] is contained in V(f). 

Throughout this section, C will denote a possibly non-reduced component of the cycle rig (A*); we will 
write C for the underlying analytic set of C (i.e., C with its reduced structure). Thus, 

c ={ E P\c\(S))\C\, 
seef(A-) 

where p\c\(S) is as in Definition 12.21 
For all Se6(A'), define 

ks(S) ■= E {( C ■ v W)o ~ min { ( C ■ V (f)) , (C ■ V(g)) }). 

C comp. of fi S (S) 

Note that, in the formula above, if is not in the closure of S, then 8f,g(S) is automatically equal to 0. 

We can now prove the new result of this paper. Our method is to analyze the situation using the 
discriminant and Cerf diagram, the same method used first by Le in [13j . and subsequently in many works 
by various authors, such as Le and Perron in [1^], Tibar in [33], [57], and [55], and Caubel in his thesis [5] 
and [B]. In particular, the recent related work of Tibar in [55], and the "tilting" in the Cerf diagram that 
we use and the study of pencils of the form of + Xg is closely related to work of Caubel in his thesis [5] and 
in [6]. The main technical difficulty is that one needs a derived category version of the discriminant and/or 
Cerf diagram. However, we proved in [22j that such a discriminant exists. 
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Theorem 3.1. Suppose that dim V(f) l~l |r /i5 (A*)| < 0. 

Then, for generic [a : A] eP 1 , for all k € Z, 

^(^[-^/hllA'Jo Sff k (^ +As [-1]A*)„ © (mKA')®^/.*^). 

In particular, suppose that I is a linear form, which is generic with respect to the fixed f and &. For all 
S e & f (A'), let 5s := (1^,(5) ■ V(f)) - (T }a (S) ■ V(t)) Q . 
Then, 

c o (0 / [-l]A*)=co(A*)+ S s-c s (A'). 

In fact, for all k G Z, 

ff fc (0 t [-l]^[-l]A*) o S mf 0} (A«) © (m s (A')®R Sa ). 

seef(A-) 

Proof. We first prove the generic linear form case, and then use that to prove the general case. 
Generic linear form case: 

The statement about the coefficients in the characteristic cycle is proved in Corollary 4.6 of [TS] (the last 
formula in the statement); however, it also follows quickly from Theorems 3.3 and 5.5 of [5] and Theorem 
3.4.2 of 0. 

If the base ring R is a field, the stalk cohomology statement follows at once by combining the characteristic 
cycle coefficient formula with Lemma 2.3 of [19 ], where we used perverse cohomology to extract individual 
Betti numbers from characteristic cycle formulas. That is, in the first formula of the above theorem, we 
replace A* by the perverse cohomology ^H k {A') (see Q], [TT], or, for a quick summary, [333), an d use that 

CC(^ fc (A*)) = K- ds (^sM;A') \T*U] , 

see 

where b 3 (Ns, Lg; A*) denotes the j-th relative Betti number, i.e., b } (NgjLg; A*) := dim H HP (Ns,Ls; A'). 

For general R, the isomorphism is obtained by "enriching" the proof of Lemma 3.7 in [2D]. That is, one 
uses precisely the proof of Lemma 3.7 in [20j . except that one replaces cycles by enriched cycles and ordinary 
intersection theory by enriched intersection theory; such enriched proofs are discussed in |21j . 

The general case: 

The idea of this proof is simple: push the complex A* down onto an open polydisk in C 2 via the map 
(g, /), and then apply the generic linear case to the pushed-forward complex. The details are far from simple. 
However, the most technical piece of the proof - that there is a well-behaved derived category version of the 
discriminant - appears in our work [22 . 

For e,S,p> 0, let := B t n cT^Bj n f" 1 ^)- Let ( A ')s, P be the restriction of A* to JV| p , and let 

o o 

Tg be the restriction of the map (g, f) to a map from Nf to D 5 xD f . 

As we proved in the Main Theorem of [22], for all sufficiently small e > 0, there exist 5, p > such that 
the derived push-forward B* := R(Tg p )*(A') s p is complex analytically constructible with respect to the 



7 



stratification given by 



{D 5 x B p — A a* (g, /), (D, xB,)nA A .(s,/)-{0}, {0}}, 

where Aa« (5, /) is the A' -discriminant, and is equal to T| p ^^V| p H (^/^(A*)] U supp 1]A*) J . 
□ 

Remark 3.2. It is an important part of Theorem 13.11 that the amount of genericity that we need for g is 
precisely that dinio V(f) R |r/.g(A')| < 0. This dimension condition can, in fact, be checked in practice. In 
particular, we do not need for the origin to be an isolated point in the support of 4>f+\ g [— 1] A*. However, 
if the origin is, in fact, an isolated point in the support of <j)f+\ g [— 1]A*, then its stalk cohomology at the 
origin can be calculated via Theorem 1 1.21 

Remark 3.3. Suppose that / is itself a linear form and that, at the origin, for generic linear I, |r^i(A*)| is 
a collection of lines. Then, for generic linear [, for all S E Sq(A'), 5s — 0, and so H k ((j>[[— \]<j)f[— l]A*)o = 
ff fc (^l[-l]A')o and co(0/[-l]A*) = c (A*). Thus, we recover Theorem 1 of [2]. 



8 



References 

[1] Beilinson, A. A., Bernstein, J., Deligne, P. Faisceaux pervers, volume 100 of Asterisque. Soc. Math. 
France, 1981. 

[2] Bradcn, T. On the Rcducibility of Characteristic Varieties. Proc. AMS, 130:2037-2043, 2002. 

[3] Briangon, J., Maisonobc, P., and Merle, M. Localisation dc systemes differentiels, stratifications de 
Whitney et condition de Thom. Invent. Math., 117:531-550, 1994. 

[4] Brylinski, J., Dubson, A., and Kashiwara, M. Formule de l'indice pour les modules holonomes et 
obstruction d'Euler locale. C. R. Acad. Set., Serie A., 293:573-576, 1981. 

[5] Caubel, C. Sur la topologie d'une famille de pinceaux de germes d 'hyper surf aces complexes. PhD thesis, 
Univcrsitc Toulouse III, 1998. 

[6] Caubel, C. Variation of the Milnor Fibration in Pencils of Hypersurface Singularities. Proc. London 
Math. Soc. (3), 83:330-350, 2001. 

[7] Dimca, A. Sheaves in Topology. Universitext. Springer- Verlag, 2004. 

[8] Ginsburg, V. Characteristic Varieties and Vanishing Cycles. Invent. Math., 84:327-403, 1986. 

[9] Goresky, M. and MacPherson, R. Stratified Morse Theory, volume 14 of Ergeb. der Math. Springer- 
Vcrlag, 1988. 

[10] Hamm, H. and Lc D. T. Un theoreme de Zariski du type de Lefschetz. Ann. Sci. Ec. Norm. Sup., 6 
(scries 4):317-366, 1973. 

[11] Kashiwara, M. and Schapira, P. Sheaves on Manifolds, volume 292 of Grund. math. Wissen. Springcr- 
Verlag, 1990. 

[12] Kazhdan, D. and Lusztig, G. A topological approach to Springer's representations. Adv. Math., 38:222- 
228, 1980. 

[13] Lc, D. T. Calcul du Nombre de Cycles Evanouissants d'une Hypersurface Complexe. Ann. Inst. Fourier, 
Grenoble, 23:261-270, 1973. 

[14] Le, D. T. Topological Use of Polar Curves. Proc. Symp. Pure Math., 29:507-512, 1975. 

[15] Le, D. T. Le concept de singularite isolee de fonction analytique. Advanced Studies in Pure Math., 
8:215-227, 1986. 

[16] Le, D. T. and Perron, B. Sur la fibre de Milnor d'une singularite isolee en dimension complexe trois. 
C. R. Acad. Sci. Pairs Ser. A, 289:115-118, 1979. 

[17] Massey, D. Numerical Invariants of Perverse Sheaves. Duke Math. J., 73(2):307-370, 1994. 

[18] Massey, D. Hypercohomology of Milnor Fibres. Topology, 35:969-1003, 1996. 

[19] Massey, D. A Little Microlocal Morse Theory. Math. Ann., 321:275-294, 2001. 



9 



[20] Massey, D. Numerical Control over Complex Analytic Singularities, volume 778 of Memoirs of the AMS. 
AMS, 2003. 

[21] Massey, D. Singularities and Enriched Cycles. Pacific J. Math., 215, no. 1:35-84, 2004. 

[22] Massey, D. Enriched Relative Polar Curves and Discriminants. math.AG/0607210, 2006. 

[23] Sabbah, C. Quelques remarques sur la geometrie des espaces conormaux. Asterisque, 130:161-192, 1985. 

[24] Schiirmann. Topology of Singular Spaces and Constructible Sheaves, volume 63 of Monografie Matem- 
atyczne. Birkhauser, 2004. 

[25] Teissier, B. Cycles evanescents, sections planes et conditions de Whitney. Asterisque, 7-8:285-362, 1973. 

[26] Tibar, M. The Lefschetz Number of a Monodromy Transformation. PhD thesis, University of Utrecht, 
1992. 

[27] Tibar, M. Carrousel monodromy and Lefschetz number of Singularities. Enseign. Math. (^,39:233-247, 
1993. 

[28] Tibar, M. The Vanishing Neighbourhood of Non-Isolated Singularities, math. CV/0411572, 2004. 



10 



